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Abstract
A geodesic g is Morse, for every L ≥ 1, A ≥ 0 there exists a C = Cg(L,A) such that
any (L,A)-quasi-geodesic connecting two points on g stays C-close to g. The Morse lemma
implies that in a hyperbolic space every geodesic is Morse. Here we prove the converse: If a
homogeneous proper geodesic space is such that for every geodesic g and every L ≥ 1, A ≥ 0
there exists a constant C = Cg(L,A) such that any (L,A)-quasi-geodesic between any two
points on g stays C-close, then the space is hyperbolic. This applies in particular to infinite
groups in which all geodesics are Morse.
1 Introduction
It is a well-known property of hyperbolic spaces that quasi-geodesics stay close to real geodesics.
A natural question to ask is, whether the converse is also true. That is, if every geodesics in
a metric space is Morse, does it follow that the space is hyperbolic? Here we give necessary
conditions under which the converse holds. We show that if a homogeneous proper geodesic
space is such that every geodesic is Morse, then it is hyperbolic. It can be seen fairly easily
that counter-examples for non-homogeneous spaces can be constructed.
Theorem 1.1 (=Theorem 3.1). Let X a homogeneous proper geodesic space such for every
geodesic g and every L ≥ 1, A ≥ 0 there exists a constant C = Cg(L,A) such that any (L,A)-
quasi-geodesic between any two points on g stays C-close. Then X is hyperbolic.
The proof of this uses a characterization of Morse geodesics by C. Drutu and M. Sapir
([DS05]). They show that certain paths, which are not necessarily quasi-geodesics, connecting
points on Morse geodesics include the geodesic in their D-neighborhood for some constant D.
Here we show that under the assumption that every geodesic is Morse, there exists a uniform
constant D for all geodesics. For groups, this already implies the thin bigon condition which
has been shown by P. Papasoglu ([Pap95]) to be equivalent to hyperbolicity. In general, we
further use a theorem by M. Gromov that gives a characterization of hyperbolic spaces in terms
of asymptotic cones, all of which must be R-trees. We then assume that one asymptotic cone
contains a simple geodesic triangle and show by studying so-called tree-graded spaces that it
leads to a contradiction.
In the last section we discuss some related questions about CAT(0) spaces. In a CAT(0)
space a geodesic is Morse if and only if it is contracting. It is an open question whether every
CAT(0) group that does not contain Z2 is hyperbolic. We will outline how our result can be
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used to rephrase this question in terms of contracting geodesics and the contracting boundary
of a CAT(0) space as defined by R. Charney and H. Sultan ([CS13]).
Acknowledgments. I am grateful to Mark Sapir for inspiring discussions on several related
topics from which this question arose. Further to Denis Osin for helpful comments and for
pointing out the thin bigon condition. Also to Mike Mihalik for suggesting that this result
relates to questions about CAT(0) groups.
2 Basics
Here we define the necessary terms and notation. Familiarity with metric spaces, quasi-
isometries, hyperbolicity and Cayley-graphs of groups is assumed.
Definition 2.1. A bi-infinite (quasi-)geodesic g in a metric space is called a Morse (quasi-)
geodesic if for any L ≥ 1, A ≥ 0 there exists C = Cg(L,A) such that for any two points x, y on
g and any (L,C)-quasi-geodesic γ between x and y, we have that γ stays C-close to g. We call
Cg(L,A) the Morse function of g.
The next lemma says that in a hyperbolic metric space every geodesic is Morse.
Lemma 2.2 (Morse lemma). Let X be a δ-hyperbolic metric space and g a geodesic. Then
every quasi-geodesic connecting points on g stays 2δ-close to g. In other words, in a hyperbolic
space, every geodesic is Morse.
Further examples of Morse geodesics can be found in relatively hyperbolic groups ([DS05]),
mapping class groups of closed surfaces ([Beh06]) and lacunary hyperbolic torsion groups
([FT15]).
2.1 Asymptotic cones
Asymptotic cones were introduced by M. Gromov ([Gro81]) and a definition via ultrafilters was
given by L. van den Dries and A.J. Wilkie ([vdDW84]).
A non-principal ultrafilter ω is a finitely additive measure defined on all subsets S of N,
such that ω(S) ∈ {0, 1}, ω(N) = 1 and ω(S) = 0 if S is a finite subset. Given two infinite
sequences of real numbers (an), (bn), we write an = oω(bn) if lim
ω an/bn = 0. On the set of
all infinite sequences of real numbers we define an equivalence relation. We write an = oω(bn)
if limω an/bn = 0. Similarly, we say an = Θω(bn) if 0 < lim
ω an/bn < ∞. Further we say
an = Oω(bn) if lim
ω an/bn <∞.
Let (Xn, distn), n ∈ N be a sequence of metric spaces. Fix an arbitrary sequence e =
(en) of points en ∈ Xn. The ω-limit lim
ω(Xn)e is the quotient space of equivalence classes
where the distance between (fn)
ω and (gn)
ω is defined as limω dist(fn, gn). An asymptotic
cone Conω(X, e, d) of a metric space (X, dist) where e = (en), en ∈ X, and d = (dn) is an
unbounded non-decreasing scaling sequence of positive real numbers, is the ω-limit of spaces
Xn = (X, dist/dn).
The asymptotic cone is a complete space, it is a geodesic metric space if X is a geodesic
metric space. Note that Conω(X, e, d) does not depend on the choice of e if X is homogeneous,
say if X is a finitely generated group with a word metric. In that case we omit e and write
Conω(X, d).
An asymptotic cone of a finitely generated group G with word metric is the asymptotic
cone of its Cayley graph considered as the discrete space of vertices with the word metric.
Two Cayley graphs with respect to different finite generating sets have bi-Lipschitz equivalent
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asymptotic cones. The asymptotic cone Conω(G, d) of a group is a homogeneous geodesic
space.
Theorem 2.3 ([Gro87]). A geodesic metric space X is hyperbolic and and only if all of its
asymptotic cones are R-trees.
2.2 Tree-graded spaces
Most of the notation and definitions here are from [DS05].
Definition 2.4. Let F be a complete geodesic metric space and let P be a collection of closed
geodesic non-empty subsets (called pieces). Suppose that the following two properties are
satisfied:
(T1) Every two different pieces have at most one common point.
(T2) Every non-trivial simple geodesic triangle (a simple loop composed of three geodesics) in
F is contained in one piece.
Then we say that the space F is tree-graded with respect to P .
Alternatively, we can replace (T2) by (T2’) as shown in [DS05]:
(T2’) Every simple loop in F is contained in one piece.
Recall that a geodesic p in Conω(X, e, d) is called a limit geodesic if p = limω pn where for
every n ∈ N, pn is a geodesic in X.
Lemma 2.5 ([Dru09]). Assume that in an asymptotic cone Conω(X, e, d) a collection of closed
subsets P satisfies (T1) and every non-trivial simple triangle in Conω(X, e, d) whose sides are
limit geodesics is contained in a subset from P. Then P satisfies (T2), i.e. Conω(X, e, d) is
tree-graded with respect to P.
The topological arcs starting in a given point and intersecting each piece in at most one
point compose a real tree called transversal tree.
Theorem 2.6. [DMS08] Let X be a metric space and for every pair of points a, b ∈ X let
L(a, b) be a fixed set of (λ, κ)-quasi-geodesics (for some constants λ ≥ 1, κ ≥ 0) connecting
a to b. Let L =
⋃
a,b∈X
L(a, b). Let q be a bi-infinite quasi-geodesic in X and for every two
points x, y on q denote by qxy the maximal sub-quasi-geodesic of q with endpoints x and y. The
following are equivalent for q:
1. In every asymptotic cone of X, the ultralimit of q is either empty or contained in a
transversal tree for some tree-graded structure;
2. q is a Morse quasi-geodesic;
3. for every C ≥ 1 and natural k ≥ 0 there exists D ≥ 0 such that every k-piecewise L-
quasi-path p that connects two points a, b ∈ q and has quasi-length ≤ Cd(a, b), crosses the
D-neighborhood of the middle third of qab;
4. for every C ≥ 1 there exists D ≥ 0 such that for every a, b ∈ q and every path p of length
≤ Cd(a, b) connecting a, b the sub-quasi-geodesic qab is contained in the D-neighborhood
of p.
In particular, it emerges from the proof of the above proposition that the limit of a Morse
quasi-geodesic q in every asymptotic cone is such that
1. every point of q is a cut-point,
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2. every point of q separates q into two halves which lie in two different connected compon-
ents.
Lemma 2.7 ([DS05]). Let F be a tree-graded metric space. Let A be a path connected subset
of F without cut-points. Then A is contained in a piece. In particular, every simple loop in F
is contained in a piece of F .
Lemma 2.8 ([DS05]). Let g = g1g2 . . . g2m be a curve in a tree-graded space F which is a
composition of geodesics. Suppose that all geodesics g2k with k ∈ {1, . . . ,m − 1} are non-
trivial and for every k ∈ {1, . . . , m} the geodesic g2k is contained in a piece Mk while for every
k ∈ {0, 1, . . . , m−1} the geodesic g2k+1 intersects Mk and Mk+1 only in its respective endpoints.
In addition assume that if g2k+1 is empty, then Mk 6=Mk+1. Then g is a geodesic.
Lemma 2.9 ([DS05], Corollary 2.10). (1) Every simple path in F joining two points in a
piece is contained in the piece.
(2) Every non-empty intersection between a simple path in F and a piece is a subpath.
3 A Converse Morse Lemma
In this section we prove the main result of this note. We also give examples that both hypothesis
are necessary. Given a homogeneous proper geodesic space in which every geodesic is Morse, we
show that it is possible to find a uniform upper bound for their Morse functions. We indicate
a reference for a counter example in the case that only some geodesics are Morse but others
are not.
Theorem 3.1. Let X a homogeneous proper geodesic space such that every geodesic is Morse.
Then X is hyperbolic.
It is relatively easy to find examples that both of the assumptions in the Theorem are indeed
necessary. Even among groups, there are the examples mentioned above where we have Morse
geodesics but the groups are not hyperbolic.
The following proposition is one of the key observations that allows us to prove the theorem.
It says that if in a homogeneous space every geodesic is Morse, then D from Theorem 2.6 or
Cg(L,A) can be chosen uniformly over all geodesics.
Proposition 3.2. Let (X, d) be a homogeneous proper geodesic space such that geodesic is
Morse. Denote for a geodesic g by gxy the maximal sub-geodesic of g with endpoints x and
y. Then there exists a constant Dmax such that for any geodesic g and any path p connecting
points x and y on g of length at most C · d(a, b), the sub-geodesic qxy is contained in the
Dmax-neighborhood of p.
We recall that a metric space is proper if every closed ball is compact.
Proof. Assume by contradiction that there exists a sequence of geodesics (gn) where the con-
stant is Dn with Dn → ∞. Because X is homogeneous, we can assume all gn go through a
fixed base-point. Then for every M > 0, we have that on the boundary of the ball with radius
M , BM (1), there exist accumulation points of the (gn) because X is proper. Fix some M1
and let (gni) be a sub-sequence that passes through exactly two points on the boundary of
BM1(1). Now let M2 > M1, then we get a sub-sequence (gnj ) of (gni) and two fixed points
on the boundary of BM2(1). In the limit we get a single bi-infinite geodesic that is not Morse,
since we had Dn →∞.
A similar argument shows the following:
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Lemma 3.3. Let X be a homogeneous proper space in which every geodesic is Morse. Let G
be the set of all bi-infinite geodesics in X. Then
sup
g∈G
Cg(L,A) <∞.
Proposition 3.2 is not true in general if only some geodesics are Morse. Indeed, the paper in
preparation [FT15] will give examples groups with that property. These examples arise among
infinitely presented small cancellation groups.
For graphs with combinatorial metric, it is already possible to deduce hyperbolicity from
the above proposition via thin bigons: A bigon in a graph Γ is a pair of geodesics γ, γ′ with
γ(0) = γ′(0) and γ(l) = γ′(l) where l = |γ|. We say that bigons in a graph Γ are ǫ-thin if
for any bigon γ, γ′ with γ(0) = γ′(0) and γ(l) = γ′(l) we have d(γ(t), γ′(t)) < ǫ for every t,
0 < t < l.
Theorem 3.4 ([Pap95]). Let G be a finitely generated group and let Γ be the Cayley graph of
G associated to a finite generating set S. If there is an ǫ such that bigons in Γ are ǫ-thin, then
G is hyperbolic.
We get the immediate Corollary for groups.
Corollary 3.5. A group is hyperbolic if and only if every geodesic is Morse.
The first part of the proof of Theorem 3.1 is similar to the argument in the proof of Theorem
3.3 of [OOS09].
Proof of Theorem 3.1. Assume by contradiction that there exists an asymptotic cone of X
which is not a tree, hence it contains a non-trivial simple loop. Because (T2’) and (T2) in the
definition of a tree-graded space are equivalent, we can reduce the existence of loops to that
of geodesic triangles. We apply Lemma 2.5 with respect to all singletons. The assertion of the
lemma now says that it suffices to check all limit geodesic triangles for an asymptotic cone to
be an R-tree.
Now assume the simple non-trivial limit geodesic triangle ∆ in an asymptotic cone of G has
sides a, b, c. Clearly ∆ is approached by hexagons Hn with sides
Hn = q1,nanq2,nbnq3,ncn
such that a = limω an, b = lim
ω bn, c = lim
ω cn and an, bn, cn are geodesics. Further, |qi,n| =
o(|cn|) i.e. lim |qi,n|/|cn| = 0 for i = 1, 2, 3. So for any N ≥ 1, there exists a constant C > 0
such that
(q1,n + an + q2,n + bn + q3,n) ≤ C · cn for n ≥ N.
So we can apply (4) of Theorem 2.6 to conclude that for each n ∈ N, we have that there exists
a constant Dn such that cn stays Dn-close to un = pnanqnbnsn, see Figure 1.
We have hence established that cn stays Dn-close to un. Now we use the uniformity of
the constant Dn from Proposition 3.2 for all geodesics applied to all cn. However if cn stays
uniformly close to un, the limit of Hn in any asymptotic cone is not a simple geodesic triangle,
contradicting our assumption. This shows that for every scaling sequence (dn) and every ultra-
filter ω the asymptotic cone Conω(X, d) does not contain simple non-trivial geodesic triangles.
Together with Theorem 2.3 this shows that X is hyperbolic.
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Figure 1: cn stays Dn-close to un.
4 Application to CAT(0) groups and the Morse bound-
ary
Here we briefly outline the connection of this result to CAT(0) groups and to different kinds of
boundaries on them.
Let X be a metric space. A (quasi-)geodesic γ is said to be (b, c)-contracting if there exist
constants 0 < b ≤ 1 and c > 0 such that for all x, y ∈ X
dX(x, y) < b · dX(x, πγ(x)) =⇒ dX(πγ(x), πγ(y)) < c.
When b can be chosen to be 1, we call the (quasi-)geodesic strongly contracting.
Theorem 4.1 ([Sul14]). Let X be a CAT(0) space and γ a quasi-geodesic in X. Then the
following are equivalent:
1. γ is (b, c)-contracting,
2. γ is strongly contracting,
3. γ is Morse, and
4. In every asymptotic cone Conω(X), any two distinct points in the ultralimit γω are sep-
arated by a cut-point. In particular, any of the properties listed above implies that γ has
at least quadratic divergence.
It has been proved by M. Kapovich and B. Kleiner in [KK07] that 3-dimensional CAT(0)
groups are hyperbolic if and only if they do not contain Z2. They call this the weak hyperbol-
ization conjecture. With Theorem 3.1 and Theorem 4.1 this can be rephrased:
Question 1. Let G be a CAT(0) group that does not contain Z2. Is it true that every geodesic
is contracting?
A positive answer to Question 1 would imply the weak hyperbolization conjecture for all
CAT(0) spaces.
In [CS13], R. Charney and H. Sultan introduced the contracting boundary of a CAT(0)
space. This is the boundary of all rays in the space which are contracting. It follows from
Theorem 4.1 and the Morse Lemma that for a hyperbolic space the contracting boundary
coincides with the visual boundary. In these terms, it immediately follows:
Lemma 4.2. A homogeneous proper CAT(0) space is hyperbolic if an only if its visual boundary
coincides with the contracting boundary.
6
REFERENCES REFERENCES
In [Cor15], M. Cordes studied the Morse boundary of a space in general. In the case of
CAT(0) spaces it is the same as the contracting boundary. He proves
Theorem 4.3 ([Cor15]). If X is a proper geodesic δ-hyperbolic space, then the Morse boundary
coincides with the visual boundary.
The statement of Theorem 3.1 implies the converse for homogeneous spaces.
Corollary 4.4. Let X be a homogeneous proper geodesic space. Then X is δ-hyperbolic if and
only if the visual boundary coincides with the Morse boundary.
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